Optoelectromechanical quantum interfaces can be utilized to connect systems with distinctively different frequencies in hybrid quantum networks. Here we present a scheme of nonreciprocal quantum state conversion between microwave and optical photons via an optoelectromechanical interface. By introducing an auxiliary cavity and manipulating the phase differences between the linearized light-matter couplings, uni-directional state transmission that is immune to mechanical noise can be achieved. This interface can function as an isolator, a circulator, and a two-way switch that routes the input state to a designated output channel. We show that under a generalized impedance matching condition, the state conversion can prevent thermal fluctuations of the mechanical mode from propagating to the cavity outputs and reach high fidelity. The realization of this scheme is also discussed.
I. INTRODUCTION
The past decade has witnessed enormous progress in the study of opto-and electro-mechanical systems in the quantum limit with experimental milestones such as the realization of cavity cooling to the mechanical ground state [1] [2] [3] [4] [5] . Mechanical resonators can be coupled to a broad variety of electronic, atomic, and photonic systems, ranging from acoustic to optical frequencies [6] . Optoelectromechanical systems can hence serve as an interface to bridge devices with distinctively different frequencies in hybrid quantum networks and advance the development of scalable quantum processors [7] [8] [9] [10] . Bidirectional state conversion and entanglement generation between microwave and optical photons have been realized via optoelectromechanical interfaces [11] [12] [13] [14] [15] [16] [17] . And mechanical dark mode that can facilitate high-fidelity state transfer has been demonstrated [18] [19] [20] .
Nonreciprocal devices, such as circulators and isolators, are of crucial importance in the realization of noiseless and lossless quantum networks [21] [22] [23] [24] . In these devices, the transmission of information is not symmetric. For example, quantum states at the input of one mode can be transmitted to the output of another mode, but not vice versa. Various effects have been exploited to implement nonreciprocal devices, including the Faraday rotation effect in magneto-optical crystals [21, 25, 26] , angular momentum biasing in photonic or acoustic systems [27] [28] [29] , optical nonlinearity [30] , and the Hall effect [31] . Nonreciprocity in topological photonic devices has been implemented by generating effective magnetic fields and gauge phases with time-modulated parameters [32, 33] , and similar approaches have been studied in quantum information applications [34] [35] [36] . Isolators and circulators have been realized in microwave devices via parametric pumping of system parameters [24, 37, 38] , and a graphic method was recently developed to facilitate the design of these devices [39] . In several works [40] [41] [42] , opto-and electro-mechanical systems were studied for uni-directional transmission of photon states. More recently, it was shown that nonreciprocal state conversion between directly-coupled cavities can be achieved by controlling the relative phases of the couplings in an optomechanical system [43] . It has also been demonstrated that nonreciprocal state conversion can be realized via quantum reservoir engineering [44, 45] . In [46] , unidirectional state transfer between microwave and optical photons via two mechanical resonators was studied; however, noise in the strongly-damped mechanical resonator can be transmitted to the cavity outputs and propagate to other parts of the quantum network. In practice, coupling between subsystems in different frequency ranges could induce serious damage to the quantum coherence of the system. Hence, despite the previous efforts, it is still challenging to implement nonreciprocal quantum interface that connects distinctively different frequencies and is robust against mechanical noise.
Here we present a scheme of nonreciprocal state conversion between microwave and optical photons via an optoelectromechanical quantum interface, where mechanical noise can be prevented from propagating into the cavity outputs. In our system, no direct coupling exists between the microwave and the optical cavities. Instead, an auxiliary cavity is used to control the direction of the state flow. We find that by manipulating the phase differences and by adjusting the magnitudes of the linearized couplings to satisfy a generalized impedance matching condition, nearly perfect nonreciprocal state conversion can be achieved. The interface can function not only as an isolator and a circulator, but also as a two-way switch that routes the input signal as demanded. This scheme is closely related to the engineering of effective magnetic flux in photonic and atomic systems [33] [34] [35] . During the conversion, thermal fluctuations are largely confined within the mechanical mode, which ensures high fidelity for the output state at finite temperature. Our scheme can be realized with current experimental technology [12] [13] [14] [15] [16] , and it provides a practical approach to achieving nonreciprocal conversion of quantum information between microwave and optical frequencies. This paper is organized as follows. In Sec. II, we present the model, the Langevin equation, and the trans-mission matrix between the input and output operators of the nonreciprocal interface. We then study state conversion via this interface at frequency ω = 0 and derive the optimal condition for high-fidelity state transfer in Sec. III. The effect of the mechanical noise is also discussed in this section. In Sec. IV, we analyze the transmission matrix elements at frequency ω and estimate the halfwidth of the transmission spectrum for high-fidelity nonreciprocal state conversion. In Sec. V, we study this system in the weak-coupling limit using the adiabatic elimination technique. The experimental realization of this scheme and practical parameters are discussed in Sec. VI. Conclusions are given in Sec. VII.
II. MODEL
Our system is an optoelectromechanical quantum interface composed of three cavity modes a, c, d and one mechanical mode b, as illustrated in Fig. 1(a) . The auxiliary cavity d is introduced to facilitate nonreciprocal state conversion between cavities a and c, and it is directly coupled to cavity c. Cavity a has distinctively different frequency from that of c and d, e.g., a can be a microwave resonator and c, d are optical cavities, or vice versa. A direct coupling between a superconducting microwave resonator and an optical cavity can excite quasiparticles in the superconductor, which destroys the coherence of the microwave resonator [9] . In our setup, no direct coupling exists between a and cavities c, d. All three cavities are coupled to the mechanical resonator via radiation-pressure interaction [47] . By applying strong driving on the cavities, as shown in Fig. 1(b) , the lightmatter interaction can be linearized and the total Hamiltonian becomesĤ t =Ĥ 0 +Ĥ int in the rotating frame of the driving fields [48] . The uncoupled Hamiltonian is
whereα (b) is the annihilation operator of cavity mode α with α = a, c, d (mechanical mode), ∆ α is the detuning of the cavity under the driving field, and ω m is the frequency of the mechanical mode. We choose −∆ α = ω m ≫ |G α | with G α being the linearized coupling between cavity α and mechanical mode b. The magnitude and phase of G α can be controlled by adjusting the driving field. Here the driving fields are assumed to be in the linear regime, where the nonlinear terms in radiation-pressure interaction are negligible. Under the rotating-wave approximation, the fast-oscillating counter-rotating terms in the interaction can be omitted and the interaction Hamiltonian is simplified aŝ
where G x is the photon hopping between cavities c and d [49] . Details of the derivation of this Hamiltonian are given in Appendix A. The G α and G ⋆ α terms in (2) generate beam-splitter operations that are essential to cavity cooling and quantum state conversion.
The cavities have damping rates κ α , which are assumed to be due to external dissipation only, with the cavity input fieldsα in (t). Similarly, the mechanical mode has damping rate γ m with the mechanical input operator
, where n th is the thermal phonon occupation number at finite temperature. In Appendix B, we show that this system always satisfies the stability criterion [50] .
We define a vectorv = [â,b,ĉ,d] T in terms of the annihilation operators of the system modes. The Langevin equation ofv in the interaction picture of Hamiltonian H 0 can be written as
with the matrix
the convention in [19] and using the input-output theorem [51] , we havev out =v in − √ Kv. The output states can then be obtained. In (4), the Langevin equation of the annihilation operators is decoupled from that of the creation operators, as the interaction Hamiltonian (2) only contains beam-splitter operations. The Langevin equation of the creation operators is
. Using the transformationô(t) = dωe −iωtô (ω)/2π for an arbitrary operatorô, Eq. (3) can be converted to the frequency domain withv(ω) = i(ωI
, where I is the 4 × 4 identity matrix. With the inputoutput theorem [51] , we derivev out = T (ω)v in , where
is the transmission matrix of this interface. It can be shown that T (ω) is a unitary matrix.
III. NONRECIPROCAL STATE CONVERSION
Without loss of generality, we assume that the couplings G a,c,x are positive numbers and G d carries a nontrivial phase. In this section, we consider the state conversion of an input field in resonance with the cavity frequency, i.e., ω = 0 in the interaction picture. To achieve nonreciprocity, it requires that the transmission matrix element T 13 describing state conversion from c to a be zero and T 31 describing state conversion from a to c approach unity. With (6), we find
The nonreciprocal conditions are
The disappearance of T 13 results from the destructive quantum interference between two possible paths for the state conversion. In one path, the input state of cavity c is transferred to the output of cavity a along c → b → a with a transmission amplitude proportional to G c . In the other path, the state transfer is facilitated by the coupling G x and is along c → d → b → a with an amplitude proportional to −2iG d G x /iκ d . By choosing a (−π/2) phase for G d , the amplitudes of these two paths cancel each other. In contrast, the two paths for the state conversion from a to c have transmission amplitudes proportional to G c and −2iG 
In Fig. 2 , we plot this transmission matrix element as a function of the coupling constant G c at various G a and γ m values. Here we choose the cavity damping rates to be κ a,c /2π = 5 MHz. Practical parameters of the damping rates and the coupling constants will be discussed in Sec. VI. It can be shown that for given values of G a and γ m , maximum transmission can be reached at the optimal value of G c = γ m κ c /2 with γ m = Γ a + γ m , where Γ α = 4G 2 α /κ α for each cavity mode. In the weakcoupling limit with G α ≪ κ α , Γ α corresponds to the cooling rate that cavity α exerts on the mechanical mode [1] . At the optimal coupling, the transmission matrix element can be written as T 31 = Γ a / γ m . The transmission can hence be enhanced by increasing the power of the driving fields. With γ m ≪ Γ a , the maximum transmission T 31 ≈ 1 − γ m /2Γ a , and high-fidelity nonreciprocal state conversion can be achieved. Furthermore, this optimal condition is equivalent to Γ a ≈ Γ c = Γ d , which is a generalized impedance matching condition for these three cavities.
The optimal condition also ensures that the output state is robust against mechanical noise and unwanted photon fields from other cavities. With T 31 → 1, |T 3j /T 31 | → 0 (j = 2, 3, 4), as the transmission matrix is unitary. The full transmission matrix is
where we only keep the lowest order (γ m /Γ a ) term in each matrix element. Using this matrix, the output of cavity c can be written aŝ
which is dominated by the input fieldâ in . The contribution of the mechanical noiseb in is suppressed by a factor γ m /Γ a , which makes it possible to achieve high-fidelity nonreciprocal state conversion at finite temperature. The output field of cavity a iŝ
where we omit the small term (−γ m /Γ a )â in . This output field contains no contribution from the input fieldĉ in , clearly demonstrating the nonreciprocity of this scheme. Instead, it is dominated by the input fieldd in with the mechanical noise suppressed by the factor γ m /Γ a . For the output field of cavity d,d out = iĉ in , i.e., the input of cavity c is fully transferred to the output of cavity d. Meanwhile, the mechanical outputb out ≈b in to leading order with the mechanical noise mainly confined in the mechanical mode. For an input field at the single-photon level, it requires that the cooperativity Γ a /γ m n th > 1 for the state conversion to be robust against thermal fluctuations. With practical parameters [3] [4] [5] , γ m /Γ a ∼ 10 −6 can be reached. High-fidelity state conversion is hence possible for n th < 10 6 . It also shows that the mechanical noise transferred to the cavities can be suppressed by three orders of magnitude and will not spread significantly to the cavity modes.
This optoeletromechanical interface functions as a circulator under the optimal condition. Quantum states are transmitted with high fidelity along the route a → c → d → a [22] . Meanwhile, by flipping the phase of the coupling G d from (−π/2) to π/2, i.e., G d = e iπ/2 |G d |, the cavity inputs are transmitted coherently along the opposite direction c → a → d → c, which can be illustrated by reversing the directions of all the arrows in Fig. 1(a) and simultaneously changing the labels from T ij to T ji . Furthermore, this interface can be utilized as a two-way switch. By selecting the phase of G d as (−π/2) (or as π/2), the input stateâ in can be routed to the output of cavity c (or d) on-demand. The auxiliary cavity d plays an essential role in this scheme. Without cavity d, this interface is a standard three-mode system with cavities a, c coupled to mechanical mode b [11] [12] [13] [14] [15] [16] , where T 13 ≡ T 31 for input fields at arbitrary frequency and state conversion is always symmetric [19] . 
IV. CONVERSION HALFWIDTH
With Eq. (6), we study the frequency dependence of the nonreciprocal state conversion. In Fig. 3(a) , the matrix element |T 31 | is plotted versus the frequency of the input fieldâ in under the optimal condition. Here ω = 0 corresponds to the resonant frequency of the respective cavities. It can be seen that |T 31 | has a finite halfwidth near ω = 0. Assume that the cavity damping rates κ α are all of the same order of magnitude and the couplings G α are all of the same order of magnitude. To the first order of ω, the denominator of
With this expression, we find that the halfwidth of the transmission spectrum ∆ω ∼ min(Γ α , κ α ). For |G α | < κ α /2, ∆ω ∼ Γ α ; and for |G α | > κ α /2, ∆ω ∼ κ α . This analysis reveals that the halfwidth of the transmission spectrum is upperbounded by the damping rates of the cavities.
For |G α | > κ α , two side peaks appear in the transmission spectrum. At the position of these side peaks, |T 13 | for state conversion from c to a also becomes significant, as shown in Fig. 3(b) . The state conversion at these frequencies is hence not unidirectional. In contrast, near ω = 0, |T 13 | approaches zero with a finite halfwidth, which ensures that the input field of cavity c is prevented from entering cavity a.
V. WEAK-COUPLING LIMIT
In the weak-coupling limit of |G a | ≪ κ a , we can apply the adiabatic elimination technique to study this system. We set dâ/dt = 0 in the Langevin equation of operatorâ and derive [11] 
Substituting ( 
VI. REALIZATION
Optoelectromechanical interfaces that connect microwave and optical systems have been realized in several experiments [11] [12] [13] [14] [15] [16] [17] . Such an interface usually includes a microwave cavity or field, an optical cavity or field, and a mechanical resonator. To implement our scheme, an auxiliary cavity coupled to either the microwave or the optical cavity with time-dependent interaction needs to be added to the interface [49] . When c, d are microwave cavities, their interaction can be generated by coupling both cavities to an inductive loop [52] . By modulating the magnetic flux in the loop, the interaction in (A1) can be realized with its magnitude reaching 1 − 100 MHz. When c, d are optical cavities, time-dependent coupling can be generated by connecting the cavities to other cavity modes or waveguides [33, 53, 54] . For cavities in both microwave and optical regimes, time-dependent interaction can also be generated by coupling the cavities to a quantum two-level system with tunable energy splitting, such as qubit and defect [55, 56] .
For practical parameters, consider a mechanical mode with frequency ω m /2π = 100 MHz and γ m /2π = 100 Hz (quality factor Q m = 10 6 ). For both microwave and optical cavities, the damping rate can be κ α /2π = 1−10 MHz and the coupling strength G α /2π can reach a few tens of MHz [3] [4] [5] . Assume, e.g., κ α /2π = 5 MHz. Our scheme requires that G x /2π = 2.5 MHz. With |G α |/2π = 5 MHz, the cooling rate is Γ α /2π = 20 MHz, and Γ α /γ m = 2 × 10 5 . In the previous sections, we neglect the effect of intrinsic cavity dissipation on the state conversion. In practice, cavity damping rate is a sum of the external damping rate κ ext α , which describes the coupling between a cavity and its output channels, and the intrinsic damping rate κ in α , which describes the dissipation of cavity photons in internal channels, with κ α = κ ext α + κ in α . For a finite intrinsic damping rate, the input fieldâ in transmitted to the output fieldĉ out is reduced to be κ ext a κ ext c /κ a κ c T 31âin [11] . Meanwhile, the output fieldĉ out includes small contribution from the internal noise terms, such asâ (n) in of cavity a. Both effects will decrease the fidelity of the state conversion [11] .
VII. CONCLUSIONS
To conclude, we present an optoelectromechanical quantum interface for nonreciprocal state conversion between microwave and optical photons without direct coupling between the microwave and the optical cavities. By introducing an auxiliary cavity and manipulating the phase differences between the couplings, nearly perfect nonreciprocal state conversion can be achieved. The effect of the mechanical noise is strongly suppressed under the impedance matching condition, and single-photon level state conversion with high fidelity is possible at finite temperature. This interface can serve as an isolator, a circulator, and a two-way switch for input photon states. Our scheme can be used to realize nonreciprocal transmission of quantum information in hybrid quantum networks involving distinctively different frequencies.
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